Any nilpotent orbit in the period domain of Hodge-Tate structures converges to a semistable point (filtration). Furthermore the nilpotent orbits of the limit point are asymptotic to the twisted period map. Our proof is based on a GIT criteria for semi-stability and the asymptotics in p-adic Fourier theory.
Introduction
The p-adic etale cohomologies of a projective variety X defined over a p-adic field L satisfy the Hodge-Tate decomposition
The groups H k et (X Qp , Q p ) are Q p -vector spaces and Galois modules over G L = Gal(Q p /L), i.e we have a continuous representation (2) ̺ : Gal(Q p /L) → Gl(H k et (X Qp , Q p )) We denote the summands by H i,k−i et (X). When we have a family of varieties X → S defined over L, then on each fiber we obtain the filtrations F i s = r≥i H r,s et (X s )(C p ) of the same type, hence a period space of Hodge-Tate structures denoted F (ν) (ν = (ν i ) where ν i = r≥i h r,s ). The map
(3) Π : S → F (ν), s → F i s is called the period map associated to the fibration. The period map Π is a G Lequivariant analytic map over L in the sense we explain as follows. We assume dim S = 1 and for local purposes can be considered as a disc, denoted by B and defined over Q p . We have F (ν) = G/P , where G = GL(n, C p ). The locus of semistable points (filtrations) F (ν) ss sits in F (ν) as an open subset. It is natural to ask if the limit of an arbitrary point F 0 ∈ F (ν) under a one parameter family exp(t.N), (N ∈ gl n is nilpotent) may exist (similar to complex Hodge theory [S] ), and if lies in F (ν) ss . Actually the existence of the limit is due to fundamental facts in GIT of reductive groups. Let
be the moment map, associated to the action. The properties of the nilpotent orbits in F can be studied via the map µ, namely Mumford semistability. Furthermore, the Kempf-Ness theorem gives a criterion of semistability
and this is equivalent to, the orbit G.x be closed. Let E(B) be the norm completion of the ring of bounded analytic functions on the anulus 0 < |z| < 1. It has a structure of a (Φ, Γ)-module. Let χ : G Qp → Z × p be the cyclotomic character and set H Qp := ker(χ). By a theorem of Fontaine [FO] , [ST] , there is a one to one correspondence
The filtrations, and the nilpotent transformations N correspond to each other in (6). We also assume N preserve the filtration as N.F i ⊂ F i−1 (Also denoted transverse peroperty). In this case the N in the right hand side of (6) is called the p-adic monodromy.
By the work of Y. Amice [A] , there is an isomorphism
where Z p is the character group of the Z p . According to this correspondence we will regard the points of the p-adic unit disc as characters. The isomorphism (7) gives a representation interpretation of the disc in p-adic Hodge theory. We apply a version of Sen theorem in p-adic Hodge theory in the proof of the main result. Suppose L is a p-adic field. If
is a C p -representation of G L on V , then there exists a unique operator Θ ∈ End(V ) such that for every v ∈ V , there exists an open subset U v ∈ G L .
where χ is a cyclotomic character. The operator Θ in the theorem is called Sen operator. One can prove that two C p representations are isomorphic if and only if their corresponding Sen operators are similar.
p-adic Period Domains
Let W (k) be the ring of Witt vectors of the algebraically closed field k of characteristic p and L be its quotient field. According to a theorem of J. Dieudonne, the category of φ-isocrystals over k is semisimple with simple objects E λ = (L s , Φ λ ) parametrised by λ ∈ Q. The λ is called the slope of E λ . It follows that one has a unique decomposition
More generally, suppose V is an L-vector space of dimension n, and Define
is the variety of flags of type ν over L called also the peroid domain of flags of type ν. The group Gl(V ) acts transitively on F (ν). We will consider these varieties over C p , in which case their properties are almost the same as complex case. The period domains over p-adic fields satisfies
called strong stratification property or Newton stratification property.
Mumford gives an equivalent formulation of semistability by defining a GIT slope µ L(ν) (F, λ) for a point F ∈ F (ν) and the 1-PS λ, where L(ν) is the line bundle on F (ν) associated to ν, see [DOP] .
Theorem 2.1. [DOP] The point F ∈ F (ν) is semistable if and only if for all 1-PS λ of GL(n),
be the moment map, associated to the action of G. The properties of the nilpotent orbits in X can be studied via the map µ. One defines a function
called the µ-weight of the pair (x, ζ), where ., . is an inner product in g. The semistablity of F can be studied via the critical points of W µ (x, ζ). It is related to orbit closures by the next theorem of Ness.
The point x is semistable if and only if one of the following equivalent conditions holds
Moreover, the orbit G.x is closed iff; for F ∈ F (ν) there exists there exists an N ∈ g such that exp(N.χ z ).x = F . The interested reader may find various other formulations and numerical invariants in the reference.
p-adic Fourier theory
The material in this section are quite well known in p-adic Hodge theory. The references are [A] , [BSX] , [ST] . Let L be a p-adic field with ring of integers O L . Y. Amice [A] gives a representation theoretic interpretation of the p-adic unit disc. He shows that the geometry of the p-adic unit disc B L (C p ) can be explained by the analytic characters of O L via Fourier analysis.
Theorem 3.1. [ST] There is an isomorphism
. For example over L = Q p the converse map is given by χ → χ(1). One can give κ(z) = κ z by a formal power series
The element α ∈ O L depends on parametrization. Different choices of parameters will correspond to multiplication by an element in O L on α. One should not confuse the two notations O B and O L . In fact there exists a toplogical duality between them. There exists a Fourier transform
is the ring of analytic functions on the disc B and F λ is defined via the correspondence (17) by
The Fourier transform also provides a pairing
The space of analytic functions f : O L → C p has the structure of a Hilbert space with respect to the above pairing. where c n = {f, z n }. Furthermore, such a series is convergent provided that there exists a real number r such that |c n |r n → 0 as n → ∞.
Define the norm . on the space of power series by f a,n = max There are constants C 1 and k such that
The Fourier expansion for H(x, y) = exp(y log x) has a simple form that looks like the Taylor expansion in analysis.
p-adic Nilpotent orbit Theorem-main result
In this section we entirely assume that the coefficient system is extended to C p . We will prove a limit semi-stability property under nilpotent orbits. The result is an analogue of that of W. Schmid [S] in complex Hodge structures. We first define nilpotent orbits on p-adic period domains. Let V be a Φ-isocrystal of type ν, and N ∈ gl(V ) a nilpotent element.
Definition 4.1. A nilpotent orbit is an analytic map η : B(C p ) → F (ν) given by
Making the limit makes sense because the ground variety is an analytic space and carries a natural (non-archemidean) metric. Then the followings are true;
(1) The limit F ∞ := lim κz→0 η(κ z ) exists and is a semistable filtration of V .
(2) ξ(κ z ) = exp[N log(κ z )]F ∞ is a nilpotent orbit which is asymptotic to the period map Π.
(3) For each non-archimedean metric d on F (ν) an , there exists constants C, k, l and r > 0 such that
Proof. The group GL(n, C p ) acts transitively on F (ν). By Sen theorem [S] , we write
locally for a suitable point F 0 ∈ F (ν). Then the function n(χ z ) is also locally analytic. We plug in (26) into the orbit function (24),
can be written as the product of two series of the form m P m z m with coefficients to be polynomial functions in finite matrices. Therefore if the variables in (33) are chosen so that ||κ z || and ||n(χ z )|| are small enough (see [ST] ), then the uniform bound in (21) will hold for both of the orbits in (27). This shows η(κ z ) is convergent. If d is a non-archimedean metric on the flag variety, then for a suitable constant C
Now the estimates for Fourier coefficients in the proposition 3.4 will hold for each factor in the right hand side, which implies the inequality in item (3). The Kempf-Ness Theorem states that the semistability of F ∞ is equivalent to that, the orbits λ(ξ z ).F ∞ be closed. This is what we proved above.
The filtration F ∞ may be called the limit slope filtration in analogy to the complex case of limit Hodge filtration.
Remark 4.3. From the proof it can be understood that a similar limit
where N i are commuting nilpotents, also exists and satisfies similar estimates. The different limits corresponding to the choice of elements in the nilpotent cone define boundary points in the period space F (ν) ss .
p-adic SL 2 -orbits and the mixed case
In this section we give some applications and generalizations of the theorem on p-adic nilpotent orbits, one the analogue of SL 2 -orbits and another that of mixed case for Hodge-Tate structure.
1. The SL 2 -orbit Theorem states that one can modify a nilpotent orbit to get an SL 2 -orbit so that it is still asymptotic to the original orbit. The idea is as follows. Lets start with a nilpotent orbit exp(N log κ z ).F , where F ∈ F (ν) (may be not semistable). By the Jacobson-Morosov theorem the transformation X − = N can be paired with transformations X + and Z to give a representation ψ p, * : sl 2 (C p ) → g = Lie(G) such that (31) ψ p, * (X + ) ∈ g −1 , ψ p, * (Z) ∈ g 0 , ψ p, * (X − = N) ∈ g 1 where X + , Z, X − = N are sl 2 -triples and g j := {x ∈ g | ad(Z)x = j.x}. The map ψ * can be considered at the level of Lie groups as a homomorphism ψ p :
Then one can define an analytic, horizontal, equivariant embeddingψ p : P 1 (C p ) → F (ν), which is related to ψ p byψ p (g • i) = ψ p (g) • F 0 . The function g on a neighborhood of 0 into the p-adic Lie group G(C p ) , defined by
is analytic, and Ad g(0) −1 (N) is the image under ψ p, * of 0 1 0 0 . The proofs are straight forward and analogous to the one in [P] or [S] .
2. The definitions of period domain and period map can also be similarly stated for variation of mixed Hodge structure (MHS). However the asymptotic behavior of the period maps and the nilpotent orbits are essentially different from the pure case. Also the period map can have essential (non-removable) singularities which is never the case in pure HS. We try to discuss this notion for the mixed Hodge-Tate structure which we define in the proceeding paragraphs.
Definition 5.1. (Mixed Hodge-Tate (MHT) structure) A Q p -vector space is said to have a mixed Hodge-Tate structure if it is endowed an increasing filtration P • defined over Q p (indexed over integers called weight filtration) and a decreasing filtration F • defined over C p (indexed over rational numbers called slope filtration) such that the graded pieces Gr P j V together with the induced filtration by F • are pure Hodge-Tate structure in the sense explained in Section 2.
If N : V → V is a nilpotent transformation defined over Q p then we call the MHT structure (V, F • , P • ) to be N-admissible if
• the limiting slope filtration F ∞ exists.
• the relative weight filtration P rel (N, P • ) exists In this case (F ∞ , P rel (N, P • )) is called the limit mixed Hodge-Tate structure. We state the following analogue for the Theorem 9.1.
Theorem 5.2. (Nilpotent orbit theorem for mixed Hodge-Tate structure) Assume V → B(r) * is a variation of mixed Hodge-Tate structure over the punctured p-adic disc and N : V → V is a nilpotent transformation on V s = V . Then
• η(κ z ) = exp(N log(κ z ))F ∞ is an N-admissible nilpotent orbit.
• For each non-archimedean metric d on F an,rig , we have the following distance estimate (33) d(Θ(log κ z ), η(κ z )) < C.p −k.l/q(n) r n , ∀n, (r << 1)
where q(n) → ∞ as n → ∞.
Proof. The first assertion is a consequence of admissibility, and the second follows from (25) and the uniform bound in (23).
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